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We perform a detailed phase-space analysis of various phantom cosmological models, where the
dark energy sector interacts with the dark matter one. We examine whether there exist late-time
scaling attractors, corresponding to an accelerating universe and possessing dark energy and dark
matter densities of the same order. We find that all the examined models, although accepting stable
late-time accelerated solutions, cannot alleviate the coincidence problem, unless one imposes a form
of fine-tuning in the model parameters. It seems that interacting phantom cosmology cannot fulfill
the basic requirement that led to its construction.
I. INTRODUCTION
Recent cosmological observations support that the universe is experiencing an accelerated expansion, and that the
transition from the deceleration phase to the accelerated phase happened in the recent past [1]. In order to explain
this remarkable phenomena, one can modify the theory of gravity, such as f(R) gravity [2, 3], Dvali-Gabadadze-
Porrati model [4], and string inspired models [5]. An alternative direction is to introduce the concept of dark energy
which provides the acceleration mechanism. The simplest candidate of dark energy which is consistent with current
observations is the cosmological constant. Due to the lack of a good explanation of the small value of the cosmological
constant, many dynamical dark energy models were explored, such as a canonical scalar field (quintessence) model
[6], a phantom model that has equation of state parameter w < −1 [7, 8, 9], or the combination of quintessence and
phantom in a unified model named quintom [10]. Moreover, many theoretical studies are devoted to shed light on
dark energy within some quantum gravitational principles, such as the so-called “holographic dark energy” proposal
[11].
The dynamical nature of dark energy introduces a new cosmological problem, namely why are the densities of
vacuum energy and dark matter nearly equal today although they scale independently during the expansion history.
To solve the problem, one would require that the matter density and dark energy density always approach their current
values independent of the initial conditions. The elaboration of this ’coincidence’ problem led to the consideration
of generalized versions of the aforementioned models with the inclusion of a coupling between dark energy and dark
matter. Thus, various forms of “interacting” dark energy models [12, 13] have been constructed in order to fulfil the
observational requirements.
One decisive test for dark energy models is the investigation of their phase-space analysis. In particular, to examine
whether they possess attractor solutions corresponding to accelerating universes and ratio Ωdark energy/Ωdark matter of
the order 1. If these conditions are fulfilled, then the universe will result to that solution at late times, independently of
the initial conditions, and the basic observational requirements will be satisfied. Although non-interacting quintessence
[14, 15], non-interacting phantom [16] and non-interacting quintom models [17] admit late-time accelerated attractors,
they possess Ωdark energy = 1 and thus they are unable to solve the coincidence problem.
When dark energy - dark matter interaction is switched on in quintessence, then one can find accelerated attractors
which moreover give Ωdark energy/Ωdark matter ≈ O(1) [18, 19, 20, 21], but paying the price of introducing new problems
such as justifying a non-trivial, almost tuned, sequence of cosmological epochs [22]. In cases of interacting phantom
models [23], the existing literature remains in some special coupling forms with mainly numerical results, which
suggest that the coincidence problem might be alleviated [13, 24].
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2In the present work we are interested in performing a detailed phase-space analysis of the interacting phantom
paradigm, considering new and general forms of the interaction term Q. In addition, we go beyond the simplified
non-local forms of the literature, considering also a local Q-form proportional to a density [21, 25, 26, 27]. Doing
so we find that although late-time accelerated attractors do exist in all the models, as it is expected for phantom
cosmology, almost all of them correspond to complete dark energy domination and thus they are unable to solve the
coincidence problem. Only for a narrow area of the parameter space of one particular model, can the corresponding
solution alleviate the aforementioned problem.
The plan of the work is as follows: In section II we construct the interacting phantom cosmological scenario and we
present the formalism for its transformation into an autonomous dynamical system, suitable for a phase-space stability
analysis. In section III we perform the phase-space analysis for four different models, using various interaction terms,
and in section IV we discuss the corresponding cosmological implications. Finally, section V is devoted to the summary
of the obtained results.
II. PHANTOM COSMOLOGY
Let us construct the interacting phantom cosmological paradigm. Throughout the work we consider a flat Robertson-
Walker metric:
ds2 = dt2 − a2(t)dx2, (1)
with a the scale factor.
The evolution equations for the phantom and dark matter density (considered as dust for simplicity) are:
ρ˙m + 3Hρm = −Q (2)
ρ˙φ + 3H(ρφ + pφ) = Q, (3)
with Q a general interaction term and H the Hubble parameter. Therefore, Q > 0 corresponds to energy transfer from
dark matter to dark energy, while Q < 0 corresponds to dark energy transformation to dark matter. For simplicity,
we take the usual phantom energy density and pressure:
ρφ = −1
2
φ˙2 + V (φ) (4)
pφ = −1
2
φ˙2 − V (φ), (5)
where V (φ) is the phantom potential. Equivalently, the phantom evolution equation can be written as:
φ¨+ 3Hφ˙− ∂V (φ)
∂φ
= −Q
φ˙
. (6)
Finally, the system of equation closes by considering the Friedmann equations:
H2 =
κ2
3
(ρφ + ρm), (7)
H˙ = −κ
2
2
(
ρφ + pφ + ρm
)
, (8)
where we have set κ2 ≡ 8piG. Although we could straightforwardly include baryonic matter and radiation in the
model, for simplicity reasons we neglect them.
In phantom cosmological models, the dark energy is attributed to the phantom field, and its equation of state is
given by
wφ =
pφ
ρφ
. (9)
Alternatively one could construct the equivalent uncoupled model described by:
ρ˙m + 3H(1 + wm,eff )ρm = 0 (10)
ρ˙φ + 3H(1 + wφ,eff )ρφ = 0, (11)
3where
wm,eff =
Q
3Hρm
(12)
wφ,eff = wφ − Q
3Hρφ
. (13)
However, it is more convenient to introduce the “total” energy density ρtot ≡ ρm + ρφ, obtaining:
ρ˙tot + 3H(1 + wtot)ρtot = 0, (14)
with
wtot =
pφ
ρφ + ρm
= wφΩφ, (15)
where Ωφ ≡ ρφρtot ≡ Ωdark energy. Obviously, since ρtot = 3H2/κ2, (14) leads to a scale factor evolution of the form
a(t) ∝ t2/(3(1+wtot)), in the constant wtot case. However, in the late-time stationary solutions that we are studying in
the present work, wtot has reached to a constant value and thus the above behavior is valid. Therefore, we conclude
that in such stationary solutions the condition for acceleration is just wtot < −1/3.
In order to perform the phase-space and stability analysis of the phantom model at hand, we have to transform
the aforementioned dynamical system into its autonomous form [14, 15]. This will be achieved by introducing the
auxiliary variables:
x =
κφ˙√
6H
,
y =
κ
√
V (φ)√
3H
, (16)
together with M = ln a. Thus, it is easy to see that for every quantity F we acquire F˙ = H dFdM . Using these variables
we obtain:
Ωφ ≡ κ
2ρφ
3H2
= −x2 + y2, (17)
wφ =
−x2 − y2
−x2 + y2 , (18)
and
wtot = −x2 − y2. (19)
We mention that relations (18) and (19) are always valid, that is independently of the specific state of the system (they
are valid in the whole phase-space and not only at the critical points). Finally, note that in the case of complete dark
energy domination, i.e ρm → 0 and Ωφ → 1, we acquire wtot ≈ wφ < −1, as expected to happen in phantom-dominated
cosmology.
The next step is the introduction of a specific ansatz for the interaction term Q. In this case the equations of
motion (2), (6), (7) and (8) can be transformed to an autonomous system containing the variables x and y and their
derivatives with respect to M = ln a. The consideration of various Q-ansatzes is performed in the next section.
A final assumption must be made in order to handle the potential derivative that is present in (6). The usual
assumption in the literature is to assume an exponential potential of the form
V = V0 exp(−κλφ), (20)
since exponential potentials are known to be significant in various cosmological models [14, 15]. Note that equivalently,
but more generally, we could consider potentials satisfying λ = − 1κV (φ) ∂V (φ)∂φ ≈ const (for example this relation is
valid for arbitrary but nearly flat potentials [28]).
Having transformed the cosmological system into its autonomous form:
X′ = f(X), (21)
4where X is the column vector constituted by the auxiliary variables, f(X) the corresponding column vector of the
autonomous equations, and prime denotes derivative with respect to M = ln a, we extract its critical points Xc
satisfying X′ = 0. Then, in order to determine the stability properties of these critical points, we expand (21) around
Xc, setting X = Xc +U with U the perturbations of the variables considered as a column vector. Thus, for each
critical point we expand the equations for the perturbations up to the first order as:
U′ = Ξ ·U, (22)
where the matrixΞ contains the coefficients of the perturbation equations. Thus, for each critical point, the eigenvalues
of Ξ determine its type and stability.
III. PHASE-SPACE ANALYSIS
In the previous section we constructed the interacting phantom cosmological model, with an arbitrary interaction
term Q, and we presented the formalism for its transformation into an autonomous dynamical system, suitable for
a phase-space stability analysis. In this section we introduce four specific forms for Q and we perform a complete
phase-space analysis.
A. Interacting model 1
This specific interacting model is characterized by a coupling of the form [20, 21, 29]:
Q = αHρm. (23)
Thus, inserting the auxiliary variables (16) into the equations of motion (2), (6), (7) and (8), and using (23) we result
in the following autonomous system:
x′ = −3x+ 3
2
x(1− x2 − y2)−
√
3
2
λ y2 − α
2x
(1 + x2 − y2)
y′ =
3
2
y(1− x2 − y2)−
√
3
2
λxy. (24)
The critical points (xc, yc) of the autonomous system (24) are obtained by setting the left hand sides of the equations
to zero. The real and physically meaningful (i.e corresponding to y > 0 and 0 ≤ Ωφ ≤ 1) of them are presented in
table I. In the same table we present the necessary conditions for their existence.
The 2× 2 matrix Ξ of the linearized perturbation equations writes:
Ξ =

 3
[
−1 + (1−x2c−y2c)2 − x2c − α3 + α6x2c (1 + x
2
c − y2c )
]
yc
[
−√6λ− 3xc + αxc
]
yc
[
−
√
3
2λ− 3xc
] [
3(1−x2c−y
2
c)
2 − 3y2c −
√
3
2λxc
]

 .
Therefore, for each critical point of table I, we examine the sign of the real part of the eigenvalues of Ξ, which
determines the type and stability of this specific critical point. In table I we present the results of the stability
analysis. In addition, for each critical point we calculate the values of wtot (given by relation (19)), and of Ωφ (given
by (17)). Thus, knowing wtot we can express the acceleration condition wtot < −1/3 in terms of the model parameters.
In order to present the results more transparently, in fig. 1 we depict the range of the 2D parameter space (α, λ)
that corresponds to an existing and stable critical point B of table I, i.e to negative real parts of the corresponding
eigenvalues. Furthermore, we numerically evolve the autonomous system (24) for the parameters α = 0.5, λ = 1.0
and α = −3.1, λ = 0.1, and the results are shown in figure 2. Depending on which region of the parameter-space do
the chosen parameter-pair belong (see table (I)), the system lies in the basin of attraction of either the critical point
A or B, and thus it is attracted by the one or the other. This is apparent in figure 2, where we present two different
parameter choices, leading respectively to point B and A.
B. Interacting model 2
In this model we consider an interaction term of the form [20]:
Q = α0κ
2nH3−2nρnm. (25)
5Cr. P. xc yc Existence Stable for Ωφ wtot Acceleration
A − λ√
6
q
1 + λ
2
6
all α,λ −α < λ2 + 3 1 −1− λ2
3
all α,λ
B 3+α√
6λ
q
−α
3
− (3+α)2
6λ2
λ2 ≥ (3+α)2−α for 0 ≥ α ≥ −3 α < −3 − (3+α)
2
3λ2
− α
3
α
3
α < −1
−(3 + α) ≥ λ2 ≥ (3+α)2−α for α ≤ −3 −(3 + α) > λ2 ≥
(3+α)2
−α
TABLE I: The real and physically meaningful critical points of interacting model 1 and their behavior.
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FIG. 1: The range of the 2D parameter space (α, λ) that corresponds to an existing and stable critical point B of table I, that
is in the case of interacting model 1.
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FIG. 2: Phase-space trajectories for interacting model 1. The left panel corresponds to α = −3.1 and λ = 0.1, and thus to the
stable fixed point B of table I with (xc, yc)=(-0.41, 0.93). The right panel corresponds to α = 0.5 and λ = 1.0 and thus to the
stable fixed point A of table I with (xc, yc)=(-0.41, 1.08).
This ansatz corresponds to a generalization of interacting model 1. In the following, we take n = 2 for simplicity.
Inserting (25) into the cosmological equations (2), (6), (7) and (8), using the auxiliary variables, we acquire the
following autonomous system:
x′ = −3x−
√
6
2
λy2 +
3
2
x(1 − x2 − y2)− 3
2
α0
(1 + x2 − y2)2
x
y′ = −
√
6
2
λxy +
3
2
y(1− x2 − y2). (26)
6The real and physically meaningful critical points (xc, yc) of the autonomous system (26) are:
(xc1 = ±
√ −α0
1 + α0
, yc1 = 0), (xc2 = − λ√
6
, yc2 =
√
1 +
λ2
6
),
(xc3, yc3 =
√
1− x2c3 −
√
6λxc3/3), (xc4, yc4 =
√
1− x2c4 −
√
6λxc4/3),
(27)
where
xc3 =
−(α0 − 1)λ+
√
λ2(α0 − 1)2 − 12α0
2
√
6α0
, (28)
and
xc4 =
−(α0 − 1)λ−
√
λ2(α0 − 1)2 − 12α0
2
√
6α0
. (29)
These critical points are presented in table II. The matrix Ξ of the linearized perturbation equations is:
Ξ =

 3
[
− (1+3x2c+y2c)2 − 2α0(1 + x2c − y2c ) + α02
(1+x2c−y
2
c)
2
x2c
]
yc
[
−√6λ− 3xc + 6α0 1+x
2
c−y
2
c
xc
]
yc
[
−
√
3
2λ− 3xc
] [
3(1−x2c−y
2
c)
2 − 3y2c −
√
3
2λxc
]

 .
Examining the eigenvalues of the matrix Ξ for each critical point, we determine its stability behavior. Finally, in
table II we also present wtot, Ωφ and the acceleration condition. Note that the values of wtot and Ωφ for the critical
points C and D can be straightforwardly calculated using (27) and (28), (29), but we do not present them since these
points are unstable and thus non-relevant for our discussion.
Cr. P. xc yc Existence Stable for Ωφ wtot Acceleration
A ±
q
− α0
1+α0
0 α0 = 0 Unstable 0 0 No
B − λ√
6
q
1 + λ
2
6
all λ, α0 all λ, α0 1 −1− λ23 all λ, α0
C xc3 yc3 λ ≤ −
s
3(1+α0)
2
−α0
, −1 ≤ α0 < 0 Unstable −x2c3 + y2c3 −x2c3 − y2c3 −
r
−4α0
1+2α0
< λ ≤ −
s
3(1+α0)
2
−α0
, −1/2 < α0 < 0
λ ≤
s
3(1+α0)
2
−α0
, α0 < −1 λ ≤ −
q
3(1+α0)2
−α0 , −1 ≤ α0 ≤ −1/2
λ ≤
q
3(1+α0)2
−α0 , α0 < −1
D xc4 yc4 λ ≥
s
3(1+α0)
2
−α0
, −1 ≤ α0 < 0 Unstable −x2c4 + y2c4 −x2c4 − y2c4
r
−4α0
1+2α0
> λ ≥
s
3(1+α0)
2
−α0
, −1/2 < α0 < 0
λ ≥ −
s
3(1+α0)
2
−α0
, α0 < −1 λ ≥
q
3(1+α0)2
−α0 , −1 ≤ α0 ≤ −1/2
λ ≥ −
q
3(1+α0)2
−α0 , α0 < −1
TABLE II: The real and physically meaningful critical points of interacting model 2 and their behavior.
In order to make the phase-space analysis more transparent, we elaborate the autonomous system (26) numerically
for the parameter values α0 = 0.5 and λ = 1.0. The corresponding phase-space trajectories, arising imposing different
initial conditions, are shown in figure 3. As expected, the system is always attracted by the stable fixed point B of
table II.
C. Interacting Model 3
This model is characterized by an interaction term of the form
Q = βκ2nH1−2nρnmφ˙
2, (30)
where for simplicity we consider n = 1. The autonomous system reads:
x′ = −3x−
√
6
2
λy2 +
3
2
x(1 − x2 − y2)− 3βx(1 + x2 − y2)
y′ = −
√
6
2
λxy +
3
2
y(1− x2 − y2). (31)
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FIG. 3: Phase-space trajectories for interacting model 2 using α0 = 0.5 and λ = 1.0. The stable fixed point is the critical point
B in table II, with (xc2, yc2)=(-0.41, 1.08).
The real and physically meaningful critical points (xc, yc) of the autonomous system (31) are:
(xc1 = 0, yc1 = 0), (xc2 = − λ√
6
, yc2 =
√
1 +
λ2
6
),
(xc3, yc3 =
√
1− x2c3 −
√
6λxc3/3), (xc4, yc4 =
√
1− x2c4 −
√
6λxc4/3),
(32)
where
xc3 =
λ+
√
λ2 − 12β
2
√
6β
, (33)
and
xc4 =
λ−
√
λ2 − 12β
2
√
6β
. (34)
The matrix Ξ of the linearized perturbation equations is:
Ξ =

 3
[
− (1+3x2c+y2c)2 − β(1 + 3x2c − y2c )
]
yc
[−√6λ− 3xc + 6βxc]
yc
[
−
√
3
2λ− 3xc
] [
3(1−x2c−y
2
c)
2 − 3y2c −
√
3
2λxc
]

 .
The critical points are presented in table III, together with their stability behavior, wtot, Ωφ and the acceleration
condition.
Cr. P. xc yc Existence Stable for Ωφ wtot Acceleration
A 0 0 all β, λ Unstable 0 0 No
B − λ√
6
q
1 + λ
2
6
all β, λ all λ, β ≥ −1 1 −1− λ2
3
all β, λ
λ2 < − 3
1+β
, β < −1
C xc3 yc3 λ ≤
q
−3
1+β
, β < −1 Unstable −x2c3 + y2c3 −x2c3 − y2c3 −
√−4β < λ ≤
q
−3
1+β
, β < −1
D xc4 yc4 −
q
−3
1+β
≤ λ, β < −1 Unstable −x2c4 + y2c4 −x2c4 − y2c4 −
q
−3
1+β
≤ λ < √−4β, β < −1
TABLE III: The real and physically meaningful critical points of interacting model 3 and their behavior.
In order to present the results more transparently, in fig. 4 we depict the range of the 2D parameter space (β, λ) that
corresponds to the existence of the stable critical point B of table III. Furthermore, we elaborate the autonomous
system (31) numerically, for the parameter values λ = 1.0, β = 0.5 and λ = 1.0, β = −2.0 . The phase-space
trajectories, corresponding to different initial conditions, are shown in figure 5. In these cases, the system is always
attracted by the stable fixed point B of table III, as expected.
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FIG. 4: The range of the 2D parameter space (β, λ) that corresponds to an existing and stable critical point B of table III,
that is in the case of interacting model 3.
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FIG. 5: Phase-space trajectories for interacting model 3 with β = 0.5, λ = 1.0 (left panel) and β = −2.0, λ = 1.0 (right panel).
In both cases the stable fixed point is the critical point B of table III, with (xc2, yc2)=(-0.41, 1.08).
D. Interacting Model 4
In the previous subsections we considered interaction terms depending explicitly on the Hubble parameter H , that
is interaction terms determined by the properties of the whole universe. In the present model we consider the local
interaction term [21]
Q = Γρm, (35)
where we assume that the coefficient Γ is a constant. Note that this ansatz, with Γ > 0, has been used in different
frameworks to describe the decay of dark matter into radiation [25], the decay of a curvaton field into radiation [26]
and the decay of superheavy dark matter particles into a quintessence scalar field [27].
The complexity of the interaction term (35), comparing to the previous ones, is revealed by the fact that the
dynamical evolution cannot be elaborated using only the two auxiliary variables (16). Indeed, H cannot be eliminated
from the autonomous equations. In order to achieve that we introduce an additional auxiliary variable as
v =
H0
H
, (36)
where H0 is a constant. Thus, using (35), the cosmological equations (2), (6), (7) and (8) are transformed to the
9following autonomous system:
x′ = −3x+ 3
2
x(1− x2 − y2)−
√
3
2
λ y2 − γv
2x
(1 + x2 − y2)
y′ =
3
2
y(1− x2 − y2)−
√
3
2
λxy
v′ =
3
2
v(1− x2 − y2), (37)
where we have introduced the dimensionless coupling constant
γ =
Γ
H0
. (38)
The 3× 3 matrix Ξ of the linearized perturbation equations is:
Ξ =


3
[
− (1+3x2c+y2c)2 + γvc6x2c (1 + x
2
c − y2c)− γvc3
]
yc
[
−√6λ− 3xc + γvcxc
]
− γ2xc (1 + x2c − y2c )
yc
[
−
√
3
2λ− 3xc
] [
3(1−x2c−y
2
c)
2 − 3y2c −
√
3
2λxc
]
0
−3xcvc −3ycvc 32 (1− x2c − y2c )

 .
In this model there is only one real and physically meaningful critical point presented in table IV, together with its
stability behavior, wtot, Ωφ and the acceleration condition.
Cr. P. xc yc vc Existence Stable for Ωφ wtot Acceleration
A − λ√
6
q
1 + λ
2
6
0 all γ,λ all γ,λ 1 −1− λ2
3
all γ,λ
TABLE IV: The real and physically meaningful critical point of interacting model 4 and its behavior.
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FIG. 6: Phase-space trajectories for interacting model 4 with λ = 0.5. The stable fixed points is the critical point A of table
IV, with (xc, yc)=(-0.20, 1.02).
To reveal this behavior more transparently, we solve numerically the autonomous system (37) for λ = 0.5. In order
to plot the two dimensional phase trajectories for the variables x and y, we project the system onto the v = 0 plane
and the results are shown in figure 6. Finally, we mention that for the corresponding model of a canonical field,
examined in [21], using the variable z = H0/(H0+H) the authors found “critical points” for z = 1, which corresponds
to v =∞ in our case. However, as we can see, this point is not a critical point of the system.
IV. COSMOLOGICAL IMPLICATIONS
Since we have performed a complete phase-space analysis of various interacting phantom models, we can now
discuss the corresponding cosmological behavior. A general remark is that this behavior is radically different from the
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corresponding interacting quintessence models with the same couplings [20, 21]. Furthermore, a common feature of all
the examined models is that we obtain wφ < −1 in the whole phase-space, and wtot < −1 for all the existing and stable
critical points. Thus, independently of the specific interacting model and of the chosen initial conditions, we will be
always moving on the same side (below) of the phantom divide. This was expected for phantom cosmology. However,
we remind that interacting quintessence can conditionally describe the −1-crossing, in contrast to expectations [18,
19, 20, 21]. Finally, we mention that the fact that wtot is not only less than −1/3, as required by the acceleration
condition, but it is always less than −1 in all stable solutions, leads to H˙ > 0 at all times. Thus, these solutions
correspond to a super-accelerating universe [30], that is with a permanently increasing H . If H →∞ at t→∞ then
we acquire an eternally expanding universe, while if H →∞ at t→ tBR <∞ then the universe results to a Big Rip.
These behaviors are also common in phantom cosmology [7, 31].
A. Interacting Model 1
In this model, both critical points A and B are stable points, and thus late-time attractors (see table I). Point
A, which is stable for a large region of the 2D parameter space (α, λ), corresponds to an accelerating universe. In
addition, since Ωφ = 1 it corresponds to a complete dark energy domination. Note that both these features hold
independently of the α-value if it is positive, which was expected since positive α means positive Q, that is energy
transfer from dark matter to dark energy. So it leads to a final, complete dark energy domination. In conclusion,
we see that the stable fixed point A does correspond to an accelerating universe, but cannot solve the coincidence
problem since it leads to Ωdark energy = 1 instead of Ωdark energy/Ωdark matter ≈ O(1).
On the other hand, the critical point B, for α < −3 and for λ-values that make it stable (note that in this case
the existence and stability conditions coincide) corresponds to an accelerating universe with 0 < Ωφ < 1, i.e with
Ωdark energy/Ωdark matter ≈ O(1). Therefore, for this region of the (α, λ) parameter space, the stable fixed point B
can satisfy the observational requirements, and at late times the universe is attracted by an accelerating solution
with vacuum and matter densities of the same order. For example, if we take α = −3.1 and λ = 0.1 (see left panel
of fig. 2), then we obtain Ωφ = 0.7 and wtot = −1.03, which is in agreement with current observations within
95% confidence level [1]. However, as can be seen from figure 1, the stability region of point B, which produces the
aforementioned interesting cosmological behavior, is very narrow. Therefore, the late-time attractor A has significantly
larger probability to be the universe’s late-time solution. In other words, the phantom interacting model at hand can
indeed satisfy the cosmological requirements, but for a very narrow area of the parameter space.
B. Interacting Model 2
In this case we observe that the critical points A, C and D are unstable, and therefore they cannot be late-time
cosmological solutions. The only relevant critical point is B, which is a stable fixed points for the whole (α0, λ)
parameter space. As can be seen from table II, it corresponds to an accelerating universe with Ωφ = 1, i.e., to a
complete dark-energy domination. Thus, it cannot act as a candidate for solving the coincidence problem.
C. Interacting Model 3
In this model we see that the critical points A, C and D are unstable and thus non-relevant. Critical point B is the
only cosmologically interesting one, since it corresponds to a late-time attractor for the region of the (β, λ) parameter
space shown in figure 4. However, although for that region it always gives rise to acceleration, it possesses Ωφ = 1.
Therefore it cannot solve the coincidence problem.
D. Interacting Model 4
In this case, the critical point A is the only real and physically meaningful critical point, and it is stable for the
whole 2D parameter space (γ, λ). It corresponds to an accelerating universe, completely dominated by dark energy
(Ωφ = 1). Thus this phantom interacting model cannot solve the coincidence problem.
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V. CONCLUSIONS
In this work we performed a detailed phase-space analysis of various phantom cosmological models, where the dark
energy sector interacts with the dark matter one. Our basic goal was to examine whether there exist late-time scaling
attractors, corresponding to accelerated universe and possessing Ωdark energy/Ωdark matter ≈ O(1), thus satisfying the
basic observational requirements. We investigated four different interaction models, including one with a local, i.e.
H-independent, form of the interaction term (interacting model 4). We extracted the critical points, determined
their stabilities, and calculated the basic cosmological observables, namely the total equation-of-state parameter wtot
and Ωdark energy (attributed to the phantom field). The key point of solving the coincidence problem is that the
universe is in the attractor now and it has normal radiation dominated and matter dominated eras before it reached
the attractors. Note that as long as the interaction term is not too strong, the standard cosmology can be always
recovered. Once it is in the attractor, the results do not depend on the initial conditions. Thus, one can switch on
the interaction and consider as initial conditions the end of the known epochs of standard Big Bang cosmology, in
order to avoid disastrous interference.
In all the examined models we found that stable late-time solutions do exist, corresponding moreover to an accel-
erating universe. This feature was expected since phantom cosmology has been constructed in order to always satisfy
this condition. Indeed, for all the studied models, we did not find any non-accelerating stable solution. However, in
almost all the cases the late-time solutions correspond to a complete dark energy domination and thus are unable
to solve the coincidence problem. The only case in which this is possible is in interacting model 1, if we select the
parameter values from a very narrow region of the 2D parameter space (see figure 1).
In conclusion, we see that the examined models of interacting phantom cosmology can produce acceleration (which
is “embedded” in phantom cosmology in general) but cannot solve the coincidence problem, unless one imposes a
form of fine-tuning in the model parameters. This result has been extracted by the negative-kinetic-energy realization
of phantom, which does not cover the whole class of phantom models, but since it is a qualitative statement it
should intuitively be robust for general interacting phantom scenarios, too. An alternative direction would be to
consider more complicated interaction terms, suitably constructed in order to solve the coincidence problem. But
the interaction term was introduced in phantom cosmology in order to solve the coincidence problem in a simple
and general way, avoiding the assumptions and fine-tunings of conventional cosmology. Although promising and with
many advantages, interacting phantom cosmology needs further investigation.
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